DNA code analysis with fractional calculus by Tenreiro Machado, J. A. et al.

   	
    
DNA code analysis with fractional calculus
J. A. Tenreiro Machado∗, Anto´nio C. Costa∗∗ and Maria Dulce Quelhas ∗∗∗
∗Institute of Engineering of Porto, Dept. of Electrical Engineering, Porto Portugal
∗∗Institute of Engineering of Porto, Dept. of Informatics Engineering, Porto Portugal
∗∗∗ National Health Institute, Medical Genetics Center, Porto Portugal
Summary. This paper addresses the DNA code analysis in the perspective of dynamics and fractional calculus. Several mathematical
tools are selected to establish a quantitative method without distorting the alphabet represented by the sequence of DNA bases. The
association of Gray code, Fourier transform and Fractional calculus leads to a categorical representation of species and chromosomes.
Introduction
This paper studies the deoxyribonucleic acid (DNA) code in the perspective of system dynamics. A close observation of
the DNA structure leads to the conclusion that “dynamic tools” may prove to be powerful allies in this endeavour. This
observation motivated the association of logical and mathematical concepts namely, Gray coding, Fourier transform (FT)
and fractional calculus (FC) for the analysis of the DNA data of twenty species. The results reveal important relationships
between chromosomes (Chrs) and species, pointing to the goodness of the proposed methodology, and motivating further
research with the usual formalisms of system dynamics. This paper presents briefly the mathematical tools and formulates
their application in the framework of the DNA sequence decoding [1, 2, 3, 4, 5].
Mathematical Methods and DNA Decoding
DNA is made up of two polymers forming a double helix structure. The polymers contain four different nitrogenous
bases: thymine, cytosine, adenine, and guanine, represented as T, C, A, and G. Each type of base on one strand forms a
bond with just one type of base on the other strand, with A bonding only to T, and C bonding only to G. From the available
DNA sequences a substantial part is organized into Chrs and has been used in this study. For converting the DNA code
into a numerical value it is observed that we are handing an alphabet with symbols “T”, “C”, “A”, “G”. The available
data includes a fifth symbol, represented by “N”, which has no practical meaning for the DNA coding and, therefore, this
symbol was considered as “zero” during the calculations. We have different values when considering DNA sequences
with length ranging from n = 1, representing a counting of m = 41 states, up to n = 5, representing the dynamics of a
system withm = 45 states. It must be noted that we are handling non-numerical quantities. Therefore, in order to prevent
inserting a numerical order, it was decided to adopt numerical values according to the binary Gray encoding applied to
the DNA alphabet. Therefore, we get the sequences {A} {C} {G} {T }, and {AA} {AC} {AG} {AT } {CT } {CG}
{CC} {CA} {GA} {GC} {GG} {GT } {TT } {TG} {TC} {TA} for n = 1 and n = 2, respectively. Furthermore, for
the Gray code sequence conversion, a collection of windows was adopted with an overlapping of n− 1 consecutive bases.
The numerical output of the DNA encoding is given by y = sin(2x/m) where x = 0, 1, ...,m − 1 for the consecutive
sequences of n symbols in the Gray encoding. In the paper it was decided to analyse eleven mammals, two birds, two
fishes, two insects, two nematodes and one fungus, namely, Human (Hu), Common Chimpanzee (Ch), Orangutan (Or),
Rhesus monkey (Rm), Pig (Pi), Opossum (Op), Mouse (Mm), Rat (Rn), Dog (Do), Cow (Co), Horse (Eq), Chicken (Ck),
Zebra Finch (Tg), Zebrafish (Zf), Tetraodon (Tn), Gambiae mosquito (Ag), Honeybee (Am), Caenorhabditis elegans (Ce),
Caenorhabditis briggsae (Cb), and Yeast (Sc).
DNA Analysis with the Fourier Transform
The combination of Gray encoding and trigonometric function was applied to the Chrs of the twenty species and, for each
case, the FT was calculated. It was observed that the amplitude of FT versus the frequency ω could be approximated by
a power function aωb, a ∈ R, b ∈ R+, with the parameters (a, b) to be determined by a least square fit procedure. The
FTs were evaluated for all species with n = {1, 2, 3, 4, 5} and the corresponding power law trendlines were obtained.
In the locus of (a, b) was observed that, for each Chr, the corresponding trace moves from bottom to top and from left
to right when varying from n = 1 up to n = 3, while for n = {4, 5} it remains essentially in the same location. Due
to this property in the sequel was considered solely the n = 3 encoding. Once clarified these aspects it was performed
the FT calculation and the power law approximation for the Chrs of the twenty species. Figure 1 shows the locus of
(a, b) parameters for the 415 chromosomes. The parameter a is related to the “energy” which reflects partially the size
of the Chr. Therefore, we observe a tendency for smaller/larger values of the point labels in the right/left of the locus of
(a, b). The parameter b is related with the “information content”, being more close/apart to/from zero as the DNA is more
random/correlated along the sequence. We verify that mammals have more negative values of b. We note also a separation
both in the perspective of species and Chrs. In terms of species, we observe at the top left side a cluster constituted by the
Sc, followed by the group Rm, Tn, Am, Ce, and Cb. Somewhat lower to the right we have the main part of the mammals
namely the Hu, Ch, Or, Pi, Mm, Rn, Do, Co, and Eq. Somewhat peculiar is the place of Op separated to the right from the
rest of the mammals. The birds Ck and Tg are in the middle of the two groups covering all range from left to right. The Zf
and the Ag superimpose partially in the mammals. In terms of Chrs we observe particularly in mammals that, in general,
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Figure 1: Locus of the parameters (a, b) for the 415 chromosomes of the twenty species when n = 3.
Chrs with the same numbering are relatively close. For example Chrs 1 and 3 are very similar for Human, Chimpanzee
and Orangutan. Nevertheless, Chrs 2, X and Y (when it exists) reveal a remarkable difference. Obviously, much more can
be extracted from the locus of (a, b) with 415 points and a more detailed analysis will be developed in the future.
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